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How to Compute Power Flow
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Single Antenna Systems and their Limitations 2/32
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Symbols: Ny

Pr : Transmit Power

h . (complex) channel gain

No : (two-sided) noise power density
T  : Temporal Channel-use Spacing
B : Noise Bandwidth

Bs : Occupied Signal Bandwidth
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s Signal to Noise Ratio
v 2
r oz SNR = Ll L

b(? > B - Ny

No

Symbols:

Pr : Transmit Power

h . (complex) channel gain

No : (two-sided) noise power density
T  : Temporal Channel-use Spacing
B : Noise Bandwidth

Bs : Occupied Signal Bandwidth
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s Signal to Noise Ratio

h
\V4 h 2 P
J b(? > B - Ny
% Channel-use Spacing
Symbols: Ny
T — l for square-root
: Transmit Power B Nyquist pulse shape

P
h . (complex) channel gain

No : (two-sided) noise power density
T  : Temporal Channel-use Spacing
B : Noise Bandwidth

Bs : Occupied Signal Bandwidth

m Technische Universitat Miinchen
Institute for Circuit Theory and Signal Processing



Single Antenna Systems and their Limitations 2/32

PT_TWV

Symbols:

Pr
h
No
T
B
Bs

>(+'> >

No

: Transmit Power

: (complex) channel gain

. (two-sided) noise power density
: Temporal Channel-use Spacing

: Noise Bandwidth

:  Occupied Signal Bandwidth

¢ Signal to Noise Ratio
|h|* Pr
B - Ny

SNR =

% Channel-use Spacing

1 for square-root

T = — .
B Nyquist pulse shape

% Occupied Bandwidth

Bs = (1+ p)B roll-off factor p
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Symbols:

Pr
h
No
T
B
Bs

No

: Transmit Power

: (complex) channel gain

. (two-sided) noise power density
: Temporal Channel-use Spacing

: Noise Bandwidth

:  Occupied Signal Bandwidth

¢ Signal to Noise Ratio
|h|* Pr
B - Ny

SNR =

% Channel-use Spacing

1 for square-root

T = — .
B Nyquist pulse shape

% Occupied Bandwidth
Bs = (1+ p)B roll-off factor p

% Channel Capacity

bits

C =log,(1 + SNR

52 ( ) channel-use
~ bits
C = Blog,(1 + SNR
52 ( ) second
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Single Antenna Systems and their Limitations 2/32

s Signal to Noise Ratio

h
\V4 h 2 P
J b(? > B - Ny
% Channel-use Spacing
Symbols: Ny
T — l for square-root
: Transmit Power B Nyquist pulse shape

Pr

h . (complex) channel gain

Ny : (two-sided) noise power density % Occupied Bandwidth
T

B

Bs

: Temporal Channel-use Spacing Bs= (14 p)B  roll-off factor p

- Noise Bandwidth

: Occupied Signal Bandwidth
Y i % Channel Capacity

bits

2 2 _
amax = lim Blog, |1+ 1] Pr - ISR ¢ 1082(1 + SNR) channel-use
e BeloJ ol & gy (1+SNR) 2
- 52 second
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Bandwidth and Transmit Power Efficiency 3/32

* Bandwidth Efficiency ** Transmit Power Efficiency
C r=0C c C-Ny logy(1+SNR
=S 2"C Clogy(1+5NR)  pp= S = C:No_logs )
Bs B SNR |h|2PT SNR
Interpretation: _ 1 C (Pr)
Information at rate of ng In2 Conax (Pr)
bits/second can be transfered in .
each Hz of bandwidth. Interpretation:

np measures the relative utilization of
transmit power with respect to
The larger ng, the better we utilize  maximum possible channel capacity.

bandwidth!

0 <np<o0

1
O<np<—~1.44
77P_ln2

The larger np, the better we utilize
transmit power!

m Technische Universitat Miinchen
Institute for Circuit Theory and Signal Processing




Economic Operation 1/4 4/32

“= Bandwidth Efficiency *¢ Transmit Power Efficiency
nB = lng(l + SNR) B 1082(1 + SNR) o
e = SNR a oM — ]
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Economic Operation 2/4 5/32

¢ Bandwidth Efficiency ¢ Transmit Power Efficiency
ng = log,(1 + SNR) _log,(1 +SNR) g
®TTTSNR . 2l
7 A A
1.5 ; 1 3 15
77P n 3 3 77B 77B 7713 | | | |
3 3 - Economic operation
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Economic Operation 3/4
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¢ Bandwidth Efficiency
ng = log, (1 + SNR)

7
1.5 ! ! ! !
w N\g

oNe

0.5, T

% Transmit Power Efficiency

3 log, (1 + SNR) e

p =
! SNR 2 — |
A
1.5
e S
- Economic operation
10 [ S B S
771(3600) ————— | 737”,,,,,,,,,% ,,,,,,
| |
L 1
0 N :
o 1 - 3 4 5 6
s ~2.3 B>

A power economic single-channel system provides an information
rate of no more than 2.3 bits/second for each Hz of bandwidth.
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Economic Operation 4/4 7/32

** Bandwidth Efficiency :% Transmit Power Efficiency
ng = log, (1 + SNR) log, (1 + SNR) .
= SNR = Me —
A R T
1.5 | | | I 3 1.5 | | i | |
AN o o
1.0*1_]g€0()_) -
e .
05 7T T T—
=
% 1 2 3 Cl:)4 £0

SNR “ =~ 3.92 > 6dB

A power economic single-channel system has to operate at SNR of
no more than 6dB.
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Multi-Channel Radio Link 8/32

§ = BHTP'?s + Bn L =rank(H)
< min(M, N)
P = diag{P;}/"_,
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Multi-Channel Radio Link 8/32
VP H

Singular Value § =BHTP'?’s + Bn L =rank(H)
Decomposition - 0 - < min ( M. N)
§=BU[ A ]VHTP1/2S—|—n' | .
VL P = diag{P;};_,
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Multi-Channel Radio Link 8/32

Singular Value § = BHTP'*s + Bn L =rank(H)
Decomposition _1 [ )(/)1 0 } 1P 4+ n' < min(M, N)
VL
. L
, P = diag{P;};_,

Vv P y O

1

1 > 1

s \/P_L n;: g
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Insights from Control 9/32

2k First:  Get the physics right!
Second: The rest is mathematics! R. KALMAN, 2005

% Did we, the system theorists, get the physics right? Do
our basic model structures adequately translate physical
reality ? Does the way in which we view interconnections
respect the physics? J. WILLEMS, 2007

% Did we, the communication and information engineers, get
the physics right in our models?
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Physical Consistent Modelling of Communication Systems 10/32

Digital 00— —o— D.igital
Signal |—> DAC Channel ADC = Signal
Processing —O—] —O— Processing

|
|
|
Signal Flow Graphs : Circuit and EM-field models : Signal Flow Graphs
; Multiports i Block Diagrams

Block Diagrams

Power/Energy is always determined by two port variables, and
in general, not by the squared magnitude of only one variable!
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Physical Consistent Modelling of Communication Systems 11/32

¢ Bring the physics’s constraints into information theory!

— Theory instantly becomes applicable to the specific system

% Isit practical to do that?

— Yes, because it can be done without changing the theory at all!

2% Isitfun?

—>  Yes, because the system may turn out to perform better than
expected, once we bring in the governing physics!
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Physical Consistent Modelling of Communication Systems

12/32

** Some examples of the »funny« things that can happen:

1.

A uniform linear antenna array of N isotrops can achieve a
transmit array gain of N2

The receive array gain of a uniform linear antenna array of
isotrops can grow exponentially with the number of anten-
nas.

The channel capacity can grow linearly with the number of
receive antennas, even when only a single transmit antenna
1s used (SIMO).

The channel capacity of MIMO systems can grow quadratic
with the number of antennas.
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The common view on MIMO systems 13/32

2% Mathematical Model

X1 —P

XN —P»

" e Additive noise vector channel
) % e N inputs, M outputs

° V1 .y:Hx—I—v

a?—» YM ¢ Channel matrix;: H € CM*N

Vm
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The common view on MIMO systems 13/32

2% Mathematical Model

X| —p 0 e Additive noise vector channel
) e N inputs, M outputs

: H :
Vi ey = Hx +v
AN —P a?—» YM o Channel matrix: H € CM*N
Vm

. »transmit power constraint«
% Channel Capacity

S
- e~

C = max I(pdf(y|x) ,pdf(x)) , subject to E [||x||%] < Ppy
pdf(x)

m Technische Universitat Miinchen
Institute for Circuit Theory and Signal Processing



The common view on MIMO systems 13/32

2% Mathematical Model

X| —p 0 e Additive noise vector channel
) e N inputs, M outputs

: H :
V1 oy = Hx +v
AN —P a?—» YM o Channel matrix: H € CM*N
Vm

. »transmit power constraint«
% Channel Capacity

S
- e~

C = max I(pdf(y|x) ,pdf(x)) , subject to E [||x||%] < Ppy
pdf(x)

** A question: Howis E [| | x | |%] related to physical transmit power?
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Circuit theoretic system model
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R
o— —o0
]
O O
.
R
o— —o0
UTx, Nl & Te N
O O
High power amplifier
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Circuit theoretic system model

14/32

R
o— o —0
ai aAN+1
uTxll UTx,1 b g lel
< LN
o O S1,1 81,2 | —o
R R
: B 1\ Sa,1 S22 )| B
R S~ _— —
CZNC S aAN+M
+
UTx, Nl &TX,N E’ bN_}_MI
4—
O O —O
(R) (R)
High power amplifier Channel

% Scattering matrix: § € CW+M)x(N+M)
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Circuit theoretic system model 14/32

UN,1
] X ~
alc 3N+1\/ IN,1 r—°
mml Ut [ e R lqu,l
N+1
o o S1,1 S, o —o0O
R R
: B A\ Son 80 )| B
R Dy
o— O O m : ? O
y ay S ClN+M\_/ IN,M U
TXNl Uts,N Dy H bnim R l Rx,M
4—
o o o —o0
(R) (R)
High power amplifier Channel Low Noise Amplifier

s Scattering matrix: § € CNV+HM)x(N+M)

¢ Noise: current noise and voltage noise
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Computing transmit power 15/32
PTX ! uNl
] iy ~
al.? 2N+1 _/ IN ? °
MTX 1 l TX,I b—li_> bN R lu Rx,1
e
o O S1,1 81,2 &—o0
: BN\ 821 820 s
) R ~—— P
aN? S aCN+M\_/ IN,M ? °
”TXNl UTx, N b_N'_> bN*M R luRX’M
‘I
o 0 o —o0
(R) (R)
High power amplifier Channel Low Noise Amplifier
N
¢ Transmit power: Pry = Z E [|an |2 — |by, |2] for zero noise
n=1
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Computing transmit power 15/32

PTX ! MN 1
R 7
o 5 o /'\ —o
y a’ aN+1\/ lNl
Tx, ll UTx.1 blll > bN R lqu,l
4'—.
o O S1,1 81,2 &—o0
: W1\ Sz Sao
R | |- _
. N = m
aN? S avN+M\_/ IN,M ? ©
MTle UTeN  Hi hot R luRX,M
) N NEM
l
o o —o0
(R)
High power amplifier Channel Low Noise Amplifier
: 1
% Transmit power: | p. = T E[upBurg]. B=1Iy—S5 S
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Signal transmission 16/32

UN,1
X ~
o alc 2N+1\/ IN,1 r—°
MTxll UTx,1 ? b;ﬂ_ R lqu,l
B B —_—
o, O S1,1 S1,2 O ‘ O
R R
. (R) So,1 82,0 (®) UN M
L= B
T aﬁ» 5 4&FM\_/ IN.M r—
uTX Nl TX N bN bN_|_M R lu RX,M
4—
o o o —o0
(R) (R)
High power amplifier Channel Low Noise Amplifier
1 VR , 1
URx = 2\/1—352,111%( + B3 (Ips + S2,0) in + ﬁ (Ips — So,0) u

receiver noise, 1

Technische Universitat Miinchen
Institute for Circuit Theory and Signal Processing

= [



On the receiver noise covariance 17/32

VR

% Receiver noise: 3§ = - (Ipg + So,2) in + L (Ipr — S2,2) ux

2+/R

*% Receiver noise covariance: R, = E|[np"]

— Even if uy, and iy, are independent, and their compo-
nents are mutually uncorrelated, the receiver noise is,
in general, correlated!

*¢ Example: thermal resistor noise: ux =0, E|[iniy| = 4kTBR 'Iy

R H
— R,7 — Z (IM —+ S2,2) E [iNilgl] (IM + S2,2)

— kTB - (IM + S2,2) (IM + Sz,g)H
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Antenna arrays 18/32

NN
—> — —

T v T v T v
11 11 ) Iy l3 I3
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Antenna arrays 18/32

s Circuits point of view

* bl b 1. u=2172i

ﬂ.\ / lz.\ / ﬂ\o 2. Z =Z7Z"' (reciprocity)
Ty L ¢ L ¢
I TR R PO SR & 3. Pn=E [Re{uHi}]

—  Py=E[i"Re{Z}i]
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Antenna arrays 18/32

s Circuits point of view

* bl b 1. u=212i

ﬂ.\ lz.\ ﬁ»\o 2. Z =Z7Z"' (reciprocity)
4 ¢ ¢
O T O I 3. P =E|Re{ui}]

—  Py=E[i"Re{Z}i]
% Electro-magnetic view

1. Current i, excites E and H field B 7

2. Radiated power obtainable from: P.,q = E / / Re {E x H *} dA

— s P.g=ZoE [iHCi]
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Antenna arrays 18/32

s Circuits point of view

b 1.

|
N

i

VA

2.
I I I ) I3 I3 3. P

Z' (reciprocity)
E [Re{u'i} |

—  Py=E[i"Re{Z}i]

=

% Electro-magnetic view

1. Current i, excites E and H field B 7

2. Radiated power obtainable from: P.,q = E / / Re {E x H *} dA

— s P.g=ZoE [iHCi]

*¢ Lossless antennas: Ppg= Pn — Rel{Z}=2,C
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Uniform linear antenna array of isotrops 19/32

% Closed-form solution:

A
2 /0; ;\ (C)nm = sinc (271% (m —n))
VNN
+ + + + + +
I I ) ) I3 I3 S Uncoupled antennas:
A 1

CEeIN = C=1
22
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Uniform linear antenna array of isotrops 19/32

% Closed-form solution:

A
2 /0; ;\ (C)nm = sinc (271% (m —n))
VNNV
+ + + + + +
[ I I I I3 I3 S Uncoupled antennas:

A 1
% Impedance matching network:

Z =Re{Z} = 7,C
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Uniform linear antenna array of isotrops 19/32

% Closed-form solution:

A
2 /‘\ ;\ (C)nm = sinc (271% (m —n))
VINVZANVE
T T T T
i1 1 Iy Iy I3 s ¢ Uncoupled antennas:

A 1
% Impedance matching network:

Z =Re{Z} = 7,C

—1
R R
% Scattering Matrix: §;; = (C + —I) (C — —I), i €{l1,2}
’ Z0 Z0
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An Example 20/32

s N=3, A=A1/4, and R = Z,

| —1 7 -1
S11 = T —2 7
1,1 7[2 - 2
—1 7 -1
80.9% 61.7%

/7N /7N

WANAN A /\

100% f¢1.6% $ 15.9% ¢ 1.6% 15.9% * 100%f * 6.5% *15.9%
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Transmit power and noise covariance 21/32

. 1
® The B—Matrix: B =1y — Slf,llSl,l — P = EE [u%(BuTx]

4R R —1 R —1
B=_—"—(Cn+—In)|CnlCpr+=—1
ZO(T-I—ZON) T(T"‘ N)

H
*k Thermal noise covariance: R, = o2 (IM + S2,2) (IM + Sz,z)

o2 =kTB

R_ \! R_ \!
R, = 40% | Cru+ =1y ) C2 | Crx + =1y
Zo Zo
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Transmit array gain 1/2

22/32
| ® Ppry % Optimum transmit beamforming;:
1 ‘ . —> Maximize SNR at receiver for a given Py
¢ Transmit array gain:
20
aer SNR™MaX  pmax «H(0)Cla(6)
¢ ATX — : — ; — N
SNR'° PR at(0)a(0)
ve
Pry a(f) = (1 e e ... e=(N-DiE )"
A
% Transmit array gain depends on: § =2n 5 €08 0

1. number of antennas (of course)
2. antenna spacing

3. direction of beamforming
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Transmit array gain 2/2 23/32

% »End-Fire« % »Front-Fire«

25 '
N =5

%

20f

0 05 1 15 2 25 3 0 05 1 15 2 25 3
AfA A/

... known in the antenna community! 1
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Receive array gain 1/2 24/32

% Optimum receive beamforming:

| ® Pry —> Maximize SNR for a given Pry
e 0 % Receive array gain:
2 e s SNRTAE oH(0) C2a(0)
SNRIS o (0)a ()
M e w(0) = (1 e %6 ... e~(M—DjE )T
A
% Receive array gain depends on: § = ZJTICOS 0

1. number of antennas (of course)
2. antenna spacing
3. direction of beamforming
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Receive array gain 2/2 25/32

80
70 1
60 r
50t
40 1
30t
20 1
10 1 —X

0 /
I 2 3 4 5 6 7 8 9 10
Number of antennas, M

A /4, end-fire

Receive antenna gain in dB

L
S

... to our best knowledge,
such a result is not available in the published literature!
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Circuit Theoretic Channel Model for MIMO Systems 1/2  26/32

y = Hx +v

1/2
** Channel input x = ; (IN — 55151,1) l/lTx

-

i ~1/2
** Channel output y = ﬁ ((IM + S2,2) (IM + S2}f2)) URx

¢ Transmission: H = ((IM + 52,2) (IM n 322)) _gg ,21 (IN _sn, S1,1)_1/2

s Noise model: R, =oc?1Iy

*k Transmit power model: Pry = E [| | x||%]
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Circuit Theoretic Channel Model for MIMO Systems 2/2  27/32

| : :
| |
! | circuit theoretic | # !
! | model |
I :
| [
| [
' 1/2 l
: ((1+ S2,2) (1+ 555,)) :
' mathematical model T !
| |
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Example: Symmetric MIMO System

28/32

% Considera N x N — MIMO system
% Uniform Linear Array (ULA) with isotropic radiators

2% Thermal Noise

120° angle—
spread

Rayleigh—

fading
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Ergodic Channel Capacity 29/32

N
S

N
-

" Physically Consistent Model:
here A = 0.25 x 4. N\ |

N
-

State of the art model:

Ergodic Channel Capacity
(9]
S

~ Correct only for A|

1 2 3 4 5 6 7 8 9 10
Number N of antennas at each side
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Square Root of Ergodic Channel Capacity 30/32

1 2 3 4 5 6 7 8 9 10
Number of antennas N (= M)

m Technische Universitat Miinchen
Institute for Circuit Theory and Signal Processing



Contents

@ Some Open Problems and Conclusion

m Technische Universitat Miinchen
Institute for Circuit Theory and Signal Processing




Some Open Problems 31/32

% Sensitivity (and what to do about it)

¢ Design of Matching Networks

% Design of Low-noise Amplifiers

¢ Optimizing Antenna Characteristics
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Conclusion 32/32

Now after all do communication engineers need circuit theory?

e No, if they are not aiming at a complete understanding
of the multiport communication system and if they are satisfied
with non optimum solutions.

e Yes, they do, if they are aiming at an optimum solution.

Therefore, we should work on complementing the mathematical theory
of communication with a circuit theory of communication!
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